An exact percolation threshold in a four-dimensional hyper-cubic lattice is obtained as p c = 0.5 from geometrical consideration. In a similar way, a macroscopically percolated structure consisting of (2n − n)-dimensional structure is formed at the critical point p c = 0.5 in a 2n-dimensional hyper-cubic lattice, because of the existence of a self-dual lattice in 2n-dimensional space and the orthogonal relation of the (2n − n)-dimensional structures in the original and dual hyper-cubic lattices. §1. Introduction
§1. Introduction
The model studied in the percolation problem 1)−3) is one of the simplest but most important models in addition to the Ising model. 4) A common feature of these models is that their exact solutions in two-dimensional space are known. It is well known that the exact solution of the two-dimensional Ising model was first obtained by Kramers and Wannier (1941) and Onsager (1944) 5) and that the exact expression for spontaneous magnetization was obtained by Onsager 6) (1949) and Yang 7) (1952) . By contrast, the exact solutions for the percolation problem were found rather recently. The first study for p c = 0.5 with a square lattice in two dimensions was carried out by Harris in 1960. 8) That work was followed by many others, including that by Kesten (1980) , 9)−11) who gave a mathematical proof.
Recently, two percolation points of the filling problem of surface units of squares onto a three-dimensional cubic lattice have been investigated. 12) First, a onedimensional structure is constructed in the cubic lattice, and then, a macroscopic sheet is formed in this lattice. 13) The same problem has been studied by filling the particles on the sites of the cubic lattice. 14) In that case, if the two particles occupy a pair of nearest neighbor sites, then the two sites occupied by these particles become connected in the same manner as in the percolation model, and one can find a onedimensional structure at p c = 0.3116 for a simple cubic lattice. If the four corner sites of a square are occupied by particles, then it is assumed that the plane forms a film which is impermeable to liquids, or that a microscopic crack forms. As a result, a macroscopic impermeable sheet is obtained, or a macroscopic breaking occurs in the bulk material at the second transition point. Therefore, the phenomenon of bulk breaking as well as fluid penetration should be treated in terms of the theory of critical phenomena. The second critical point has been estimated as approximately p c = 0.91, with the same critical exponent as the first critical point.
An important point concerning the above discussion is that the percolation problem has (n − 1) different kinds of phase transitions, i.e., from the formation of a one-dimensional structure to the formation of (n − 1)-dimensional structure in the n-dimensional space. One can easily imagine the existence of two different phase transitions, namely, the formation of macroscopic objects of one-and twodimensional structures in the three-dimensional space. §2. Two-dimensional case There are many different kinds of percolation problems, specifically, site, bond and parquet percolation problems, which are the problems of the filling of site, bond and plane structures, respectively. It is important to study the percolation problem, i.e., the filling of a two-dimensional unit (a square) in the four-dimensional hypercubic lattice, because in this case, the exact percolation point of the second phase transition has been obtained. It is known that p c = 0.5 for the bond percolation problem has p c = 0.5 in a square lattice by considering the dual of the square lattice. A similar argument has been applied to a four-dimensional hyper-cubic lattice, and its exact threshold has been found to be p c = 0.5.
First, one can construct a dual of the square lattice. This is done by putting a site at the center of each square in the square lattice and then combining these sites by dashed lines as shown in Fig. 1 . The lattice formed by these dashed lines is also a square lattice. One can assume that all the bonds in the dual square lattice are occupied by the bonds in the first. When a bond is placed onto the original square lattice, a bond in the dual lattice is taken off at the same point, where the two bonds are perpendicular. Therefore, the total number of bonds in the original and the dual square lattices is constant. If the original square lattice has a critical point p c , then the dual lattice has the same critical point. Therefore, one can conclude that p c = 0.5 for the bond percolation problem with a square lattice. Similarly, 1,1,1 ), which are shown in Fig. 2 . There are 8 (4 − 1)-dimensional cubic structures, as shown in Fig. 2 , although all but two of them are drawn as orhorhombic structures. A (4− 2)-dimensional unit consists of the four sites (solid squares in Fig. 2) (0,0,1,1) , (1,0,1,1), (0,1,1,1) and (1,1,1,1). Its equation is One of the (4 − 2)-dimensional structures in the dual lattice is represented by the dotted square in Fig. 2 . The four corners of the square, (1/2,1/2,1/2,1/2), (1/2,1/2,3/2,1/2), (1/2,1/2,1/2,3/2) and (1/2,1/2,3/2,3/2), are on a plane in the dual lattice, whose equation is
The central point is (1/2,1/2,1,1), which coincides with the above mentioned center of (4 − 2)-dimensional structure of the original space. Their normal directions are (0,0, 1/ √ 2, 1/ √ 2) and (1/ √ 2, 1/ √ 2,0,0), respectively, which are orthogonal. The correspondence between the addition of a (4 − 2)-dimensional structure in the original four-dimensional hyper-cubic lattice and deletion of (4 − 2)-dimensional structure in the dual hyper-cubic lattice is the same as that between the addition and deletion of bonds in the two-dimensional square lattice of both the real and dual spaces. Therefore, the threshold value p c = 0.5 is obtained exactly for the percolation problem with a (4 − 2)-dimensional structure in the four-dimensional hyper-cubic lattice.
It is important that we can derive p c = 0.5 by employing the fact that there is only one critical point in the range 0 < p < 1 for a square lattice. As shown above, however, there are n − 1 different critical points in the n-dimensional case. 14) Furthermore, we know that p = 0.197 is a critical point in the case that a 4-dimensional hyper-cubic is filled by particles, and 0.160 in the case that it is filled by bonds. Also, we have carried out preliminary calculation showing that a three-dimensional structure in a four-dimensional hyper-cubic lattice is obtained at p = 0.95 by filling particles.
§4.
Conclusion and discussion
We have obtained the exact critical point p c = 0.5 for the parquet filling problem in a four-dimensional hyper-cubic lattice by proving that the four-dimensional hypercube has a self-dual lattice and that the corresponding parquet in the dual lattice can be unambiguously identified with that of the original hyper-cubic lattice. For example, the two-dimensional squares, whose central points locate at (1/2, 1/2, 1, 1) in the original space and dual spaces, are uniquely determined in each space.
In the same way, we can obtain the critical point p c = 0.5 for the percolation problem with a (2n − n)-dimensional structure in the 2n dimensional space and its dual space, and the two hyper-surfaces are orthogonal. A ten-dimensional hyper-cubic lattice has a critical point for (10 − 5)-dimensional structure percolation problem at p c = 0.5. We also hypothesize the formation of nine different spreading structures from a one-dimensional structure (chain) to a nine-dimensional structure (hyper-surface) in a ten-dimensional hyper-cube.
